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Modular Forms

A modular function of weight 2k is a meromorphic function on the upper
half-plane and at infinity, f : HU co — C, such that:

For all v = (i_ s> € SLy(Z) (i.e., 2 x 2 integer matrices with det 1),

az+b
cz+d

f(yz)=f ( > = (cz + d)**f(z)

It is a modular form if it is holomorphic on H and at co.
Since —/ acts trivially, let the modular group be PSLy(Z) = SLy(Z)/{=£!}.

o Fourier expansion: f(z) =%, a,q", where q = €*™#

@ Cusp forms: modular forms with f(o0) = 0, equivalently ag = 0

@ Denote M, the complex vector space of modular forms of weight 2k,
it has dimension dim = |£| or |£] +1
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Modular Group PSLy(Z)

Let

0 -1 11
<[ 0) =)
Then S and T generate PSLy(Z).

The fundamental domain D of the modular group is:

Figure 1: Fundamental Domain D of H under action of SLy(Z).

D — H/PSLy(Z) is surjective and almost injective
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Application: Little Picard Theorem

There is no non-constant holomorphic map f : C — C\ {0, 1}
Proof:
U={zeC|Sz>0, |z—3|>3 0<Rz< 1}
By the Riemann mapping theorem, there exists a conformal equivalence
f : U — H which extends continuously to dU and fixes 0 and 1.

By the Schwarz reflection principle and properties of the modular group,
this extends to a covering map:

f:H—C\{0,1}

Since C is simply connected, any holomorphic map h: C — C\ {0, 1} lifts
to a map h: C — H such that the following diagram commutes:

H —D
/\E if
c & c\{o,1}
By Liouville’s theorem, h is constant = h is constant.
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Elliptic Curves

Eisenstein series:
For a lattice A\; = Zwy + Zwy = Z + Z7 with T = wp /w; € H,
the Einstein series of index k is a modular form of weight 2k:

GM=Y m= X :

2k
weA\{0} (m,n)#(0,0) (muwy + nee)

correspondence between lattice and elliptic curve over C:
e Weierstrass p-function: p(z;\) = z% + 2 wen\fo} (ﬁ - %)
o elliptic curve: Ep : y? = 4x3 — g2(N)x — g3(A), where
x=p,y=¢, g =60Gy,g3 = 140G3

e modular discriminant: A(7) = g2(7)3 — 27g3(7)? is a cusp form of
weight 12

Two elliptic curves E; ~ E./ iff 3y € PSLy(Z) such that y7 = 7/,
Moduli space of complex elliptic curves is PSLy(Z)\H.
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Definition: The j-invariant is a modular function of weight 0, defined as:

g(7)*
A(7)

j(r) =1728

g-expansion:

j(7) = g7 + 744 4 196884q + 214937604> + 864299970¢° + - - -

properties:
@ j is holomorphic on H with a simple pole at co.
e j: H/PSLy(Z) — C is a bijective holomorphic map.
@ any modular function of weight 0 is a rational function of j

@ two elliptic curves are isomorphic iff their j-invariants are equal
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Monster Group

®
@) :
@ © O/ ®
o & & 6 P8/ s
5 Y <y
© © 5y

The Monster group M is the largest sporadic finite simple group:

e Order: ~ 8 x 10°3
@ The least number of dimensions in which the Monster group can act

non-trivially is 196,883
Monstrous Moonshine: The coefficients of j(7) are related to
dimensions of irreducible representations of M:

J(r) = q '+ 744 +196884q +---, 196884 = 196883 + 1
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Theta Function

Let A be a lattice in an n-dimensional real vector space with inner product
(+,+). The associated theta function is defined by:

On(z) = D ™z = 3 glx/2,
xEN xEN

This function is a modular form of weight n/2.
It satisfies the identity Op(—2) = (iz)"/20a(z2)
The simplest one is the Jacobi theta function: ¥(z) =", ., q.

It is related to the Riemann zeta function via the theta function identity
and the Mellin transform:

;/OOO (it~ 1) 2 % =i () (9)

The modular properties of theta functions play a key role in the functional
equation of {(s) and in explaining the distribution of its nontrivial zeros
near the critical line R(s) = 3.
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Fermat's Last Theorem

If p > 5 is prime, and a, b, c € Z, then

aP+bP+cP=0 = abc=0

Fermat: "I have a truly marvelous proof of this proposition, which
this margin is too narrow to contain.”

n = 4: infinite descent
p = 3,5: quadratic forms
“regular” primes: cyclotomic extensions

number of solutions: Faltings’ theorem =- finitely many solutions

general n: elliptic modular forms!
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Reduction of Elliptic Curves

A minimal Weierstrass equation of an elliptic curve E over Q is of the
form:

E:y? 4 aixy 4+ asy = x> + apx® + agx + ag
where a; € Z, and the equation is minimal in the sense that the
discriminant A has minimal valuation at each prime.

The reduction of E modulo a prime p, denoted E, is obtained by reducing
the coefficients modulo p:

E:y2+§1xy+§3yzx3+§2x2+§4x+§6

At each prime p, the reduction E falls into one of the following types:
e Good reduction: E is a smooth curve over [,
@ Multiplicative reduction:
e Split: the singular point is a node with rational tangent directions
o Non-split: the singular point is a node with non-rational tangents
e Additive reduction: the singular point is a cusp (i.e., more

degenerate than a node)
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The conductor Ng of an elliptic curve E over Q is defined as:

Ne = H p’

primes p

where f, is given by:

0 if E has good reduction at p
fp = ¢ 1 if E has multiplicative reduction at p
2 if E has additive reduction at p
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L-function of Elliptic Curve

Lleta, =p+1-— #E(FP) for primes p of good reduction, where #E(IFP)
is the number of [F,-points on the reduced curve E.

The local zeta factor at each prime p is:

(1—a,T+pT?)~! if good reduction

2,(T) = (1-T)1 if split multiplicative reduction
(14 7)1 if non-split multiplicative reduction
1 if additive reduction

Then the Hasse—Weil L-function of E is:

LEs) =] Z:(p")
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Galois Representation of Elliptic Curves

Let E be an elliptic curve over Q. Let
Elm] = {P € E(Q) | mP = 0} = (Z/mZ)?
denote the group of m-torsion points on E.
The p-adic Tate module is defined as:
To(E) = lim E[p"] = 72

This gives rise to a continuous p-adic Galois representation:
PEp : Go = Gal(Q/Q) — GLa(Zp)
which describes actions of Gg on T,(E)
The residual representation modulo p is:
PEp : Gp = GLo(F)p)
which describes actions of Gg on E[p] = ]F,%
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Moduli Spaces

The principal congruence subgroup of level N is:
F(N) = {(25) € SLa(2)] (25) = (39) mod W)
Some Hecke congruence subgroups of level N are:
Fo(N)={(25) € SLa(Z)|c=0 mod N},
F(N)={(25) EFO(N)} a=d=1 mod N }

Let H be a congruence subgroup of SL(Z). We can similarly define the
complex vector space of modular forms M (H) (resp. cusp forms Sx(H))
of weight k relative to H and operators on them.

A complex structure can be placed on the quotient '\H, denoted Y(I').

@ Yo(N) = Y(I'o(N)) is the moduli space of pairs (E, C), where E is an
elliptic curve and C C E is a cyclic subgroup of order N.

@ Yi(N) is the moduli space of pairs (E, P), where E is an elliptic curve
and P € E is a point of order N.
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Modular Curves

The compactification of Y(I') is obtained by adding finitely many points
called the cusps of T.
Let P1(Q) = QU {co}, H* = HUPY(Q). Points in P1(Q) are called cusps.

Two points in H* are said to be -equivalent if they lie in the same
-orbit. This defines an equivalence relation on H*.

The quotient space X(I') := N\H* is called the modular curve associated
with T.

There is an explicit model for the classical modular curve

Xo(N) = X([o(N)): ®n(x,y) =0, such that ®n(j(NT),j(7)) =0.

For example,

Pa(x,y) = x> — x2y? + 1488x%y — 162000x2 4 1488xy? + 40773375xy +
8748000000x + y3 — 162000y + 8748000000y — 157464000000000
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Hecke Operator

For a lattice A C C, the Hecke operator T(n) acts as:
T(MFN) = > F(N).
NCA, [A:N]=n
Let the modular form f(7) = F(A;), where A, = Z + 7Z.

T()f(z) =1 S d2f ("Z i b) ,

d
a>1l,ad=n
0<b<d

which is again a modular form of the same weight 2k.
The Fourier coefficients of f(z) = 72 ; a(n)q" transforms as

T(n)f(z)= ) ~(m)q™,

m=1
where mn
e X ()

d|ged(m,n)

d>1
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A modular form f = > a,q" is called a normalized Hecke eigenform if:
T(n)f = X(n)f foralln>1, witha; =1.
For normalized Hecke eigenform f, a, = A(n) for all n > 1.

Arithmetically, the Fourier coefficients satisfy:
® apam = apm if gcd(n, m) =1,
2k—1

@ apapn = apni1 +p apn—1 for all primes p and n > 1.

Analytically, the associated L-function is:

C><>a,, 1
L(f’s)zz 11 1— app—= + pk—1-2s

n=1 p prime
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Petersson Inner Product

The Petersson inner product is defined by

(Fg) = /D F(7)2(r) (Im7) du(7),

where:

o D={reH:|Rer| <3, |r| >1} is a fundamental domain for the
modular group SLy(Z). Dy = Ug;iD where g; are coset
representatives of SLy(Z)/H is a fundamental domain for H.

o For 7 = x + iy, the hyperbolic volume form is dv(7) = y =2 dx A dy.
properties:
@ Sy is a Hilbert space.
@ Self-adjointness:
(T(n)f,g) =(f, T(n)g)
@ S has an orthonormal basis consisting of simultaneous eigenfunctions
of all the Hecke operators. The eigenvalues of T(n) are real numbers.
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Newforms

Observe that Mg(N) C T'o(M) when M | N, so

Sk(Fo(M)) C Sk(To(N)).

The space of cusp forms of weight k and level N, denoted Si(o(N)),
admits the decomposition:

Sk(To(N)) = g (To(N)@S(Mo(N)) = Sg=(To(N)@) _ SR4(To(N/p)).
pIN

e Sp¢¥(Mg(N)): the space of newforms — cusp forms that are
genuinely of level N, not arising from lower levels.

o S°!4(rg(N)): the space of oldforms — generated by cusp forms
coming from lower levels M | N (with M < N), via:

o inclusion of S(Fo(M)) — Sk(To(N)),
o and degeneracy mapsf(z) ~ f(dz) for d| &,

Newforms are simultaneous eigenfunctions of all Hecke operators and
form an orthonormal basis for Sp*(I'o(NV)).
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Galois Representations of Newforms

The Jacobian of the modular curve is Jac(X(I')) = So(T")*\ H1(X).
The integral Hecke algebra acting on S([o(N)) is

Ty = Z[Tn | n> 1] C End(c(SQ(ro(N))).
Given a normalized Hecke eigenform f € Sy(Io(N)), define the ideal:
lf :=ker(Tz — Z, T — ap(f)),

where a,(f) is the nth Fourier coefficient of f.

The quotient ring Tz /lr = Of = Z[an(f)] is the ring of integers in the
number field K¢ := Q(an(f)).

Let Ar := Jo(N)/IgJo(N). Here Jo(N) = Jac(Xo(N)).

Then Ar is an abelian variety over Q of dimension [Kf : Q).

Define the p-adic Tate module: T,(Af) := H(LnnAf[p"] To(Af) ®z, Qp
is a free module of rank 2 over Kr ® Q.

This yields a Galois representation:

pr : Gal(Q/Q) — GLa(Kr ® Qp),
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For a triple of coprime integers A, B, C satisfying A+ B + C = 0, consider
the elliptic curve Ex g ¢ defined by:

EaB.c: y? = x(x — A)(x+ B)

If aP + bP 4+ cP = 0 with a, b,c € Z and p > 3, then the associated Frey
curve Ezp po cp is a semistable elliptic curve with conductor:

NE:H£

L|abc

Without loss of generality, assume a = —1 (mod 4) and 2 | b. Then the
associated Galois representation pg , is:

@ absolutely irreducible,
@ odd (i.e. complex conjugation has determinant —1),
@ unramified outside 2p and flat at p.
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Ribet's Theorem

Let f € S(To(NY)) be a newform, where {1 N is a prime. Suppose the
associated residual Galois representation pr : Gal(Q/Q) — GLo(F)) is
absolutely irreducible.
If one of the following conditions holds:

@ pr is flat at £ = p,

@ or pr is unramified at £

then there exists a newform g € Sy(Io(N)) such that:

- ~ =
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Modularity Theorem
Every elliptic curve E over Q is modular.

We say E is modular if any of the following equivalent conditions hold:
@ Suppose E has conductor Ng. Then there exists a newform
f € S(T'o(Ng)) such that

L(E,s) = L(f,s)
@ There exists a non-constant morphism of algebraic curves over QQ,
6 Xo(Ng) — E

© For some (equivalently, for all) primes p, there exists a newform
f € S(T'o(Ng)) such that:

PE.p = Pfp

(1) & (2) via the Eichler=Shimura relations.

(1) < (3) via properties of the Frobenius element:
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Proof of Fermat’'s Last Theorem

Sketch of Proof.

Assume, for contradiction, that there exists a nontrivial solution
aP + bP + cP =0.

Let Ear pr cr be the associated Frey curve. with conductor Ng.
By the modularity theorem , E,» pp c» is modular:

If € Sp(Mo(NEg)) such that  pf = pg

The associated residual Galois representation pg is absolutely irreducible,
unramified outside 2p, flat at p.
By Ribet's theorem, it follows that:

Jdg € S2(lo(2)) such that pg = pr

However, dim S»(Io(2)) = 0, since the genus of the modular curve Xp(2) is
zero. Hence, no such form g exists — a contradiction. ]

v
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Siegel Modular Forms

The Siegel modular group of genus g is the symplectic group:
0o |
Spog(Z) = {’Y € GLg(Z) ’ vy = J} , J= (_, g)
g
The Siegel upper half-plane of genus g is:

H, = {T € Matgyxg(C) ‘ T =7, Im(1) > 0}

A Siegel modular form of weight p (a representation) is a holomorphic
map f : Hy — V ~C" if:

f(y-7)=plct +d)-f(r) forall y= <i Z) € Sppg(Z), T € Hg

Applications:
@ Their Hecke eigenvalues correspond to Satake parameters for

GSpyg(Qp). Local Hecke algebra H; = H(GSpog(Q1), GSpag(Z)))
o Satake isomorphism
F, ® H; = F, ® Representation(GSp3:?)

2g
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Conclusion & Future Work

p: Gg = Gal(Q/Q) — GL,

@ n=1: class field theory
o n = 2: elliptic modular forms

@ general n: Your Homework!
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Thank you!
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